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Overview

• Tutorial/introduction, not a review

• Summary of electrodynamics of superconductors: kinetic inductance
• Monitoring complex conductivity of large numbers of detectors with 

resonator circuits
• Expected responsivity and noise
• Applications you will hear about later

• Won’t cover nonlinear kinetic inductance
• Nonlinearity becomes important when magnetic energy comparable to pairing 

energy:

• Offers prospect of parametric amplification with minimal dissipation
• Discussed fully in talks and posters by Klapwijk, Gao, Kher, Day, de Visser, 

Bockstiegel
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• Conductivity from microscopic BCS theory by Mattis and Bardeen
• Use perturbation theory to calculate response of BCS superconductor to EM field
• M&B assume extreme anomalous limit, but analysis can also be used for local limit 

with appropriate modification (see, e.g., Gao thesis Ch 2).
• Yields complex conductivity:

• Two-fluid model: imaginary (reactive) part scales with Cooper pair component, 
real (resistive) part scales with quasiparticle density

• Quasiparticle/Cooper pair population change ⇒ conductivity change

• T. Klapwijk and others: “engineering” model insufficient due to non-
BCS density of states, effects of readout power

• For clarity here, stick with engineering model: changes in quasiparticle 
number completely characterize effect of energy input

Quasiparticles to Conductivity
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where f(ε) = 1/[eε/kBT + 1] is the Fermi function. In the limit kBT << ∆(0), h̄ω << ∆(0),
this integral can be simplified to

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT ) exp(−h̄ω/2kBT )I0(h̄ω/2kBT )] (37)

where I0(x) is a modified Bessel function. This expression holds regardless of whether the
photon energy h̄ω is large or small compared to the thermal energy kBT ; note that at
0.3 K, the crossover h̄ω = kBT occurs at 6 GHz. In contrast, almost all of the expressions
that appear in the literature on microwave superconductivity make the assumption that
h̄ω << kBT , which is certainly valid in the microwave range when working at 4 K or above.
This is a crucial point: the surface resistance and quality factor obey very different scaling
laws in the two regimes h̄ω << kBT and h̄ω >> kBT (see below).

The real part of the conductivity, which is responsible for the loss, and is due to thermally–
excited quasiparticles, is given by a similar integral:

σ1

σn
=

2

h̄ω

∫ ∞

∆
dε

[f(ε) − f(ε + h̄ω)] (ε2 + ∆2 + h̄ωε)
√

ε2 − ∆2
√

(ε + h̄ω)2 − ∆2
(38)

In the limit kBT, h̄ω << ∆(0), this integral simplifies to

σ1

σn
≈ 2∆(T )

h̄ω
exp(−∆(0)/kBT ) exp(h̄ω/2kBT )K0(h̄ω/2kBT ) (1 − exp(−h̄ω/2kBT )) (39)

Here K0(x) is also a modified Bessel function.

Low frequency limit (h̄ω << kBT )

In the low frequency limit h̄ω << kBT , we can substitute I0(x) ≈ 1, and

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT )] (40)

We can now calculate the response of the superconductor to the injection of energy in the
form of quasiparticles. At low temperatures T << Tc, a change in the quasiparticle density
dnqp is equivalent to a change in the effective electron temperature dT , according to the
following equation:

dnqp ≈ 2N0

√
2πkBT∆(0) d [exp (−∆(0)/kBT )] (41)

In turn, the imaginary part of the conductivity changes according to

d (σ2/σn)

dnqp
=

(
σ2

σn

)

T=0

1

2N0

√
2πkBT∆(0)

(42)
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A Low–temperature limit of BCS theory

Gap energy, quasiparticle density, and specific heat

For temperatures T << Tc, the gap energy ∆(T ) is given by the approximate expression

ln

[
∆(T )

∆(0)

]

= −
√

2πkBT

∆(0)
exp [−∆(0)/kBT ] (32)

where ∆(0) is gap energy at zero temperature. Meanwhile, the density of thermally–excited
quasiparticles is given by a very similar expression,

nqp(T ) = 2N0

√
2πkBT∆(0) exp [−∆(0)/kBT ] (33)

where N0 is the single–spin density of electron states at the Fermi energy of the metal. For
aluminum, N0 = 1.2 × 1010 eV−1 µm−3.

The specific heat is given by

C = 2kBN0∆(0)

[
∆(0)

kBT

] √
2π∆(0)

kBT
exp [−∆(0)/kBT ] (34)

Note that all of these quantities vanish exponentially as T → 0.

Complex conductivity

For films in the “dirty limit”, in which the mean free path l of the electrons is much smaller
than the penetration depth, l << λ, the electrodynamic response of the superconductor can
be approximated by the local equation

#J(#r, ω) = σ(ω) #E(#r, ω) (35)

where σ(ω) = σ1(ω) − iσ2(ω) is the frequency–dependent complex conductivity. The dirty
limit is generally applicable to films made from refractory materials such as Nb and NbTiN
since typical films made from these materials have mean free paths that are fairly short.
Films made with other materials, such as aluminum, can have much longer mean free paths.
In these situations, the local limit will apply only for fairly thin films, with thicknesses
comparable to the penetration depth (of order a few hundred Angstroms). Note that in this
case the mean free path is limited to lengths of order the film thickness due to scattering at
the film surfaces

According to the Mattis–Bardeen theory [26], the imaginary part of the conductivity,
which is responsible for the kinetic inductance, is given by the integral

σ2

σn
=

1

h̄ω

∫ ∆

∆−h̄ω
dε

[1 − 2f(ε + h̄ω)] (ε2 + ∆2 + h̄ωε)
√

∆2 − ε2
√

(ε + h̄ω)2 −∆2
(36)
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where f(ε) = 1/[eε/kBT + 1] is the Fermi function. In the limit kBT << ∆(0), h̄ω << ∆(0),
this integral can be simplified to

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT ) exp(−h̄ω/2kBT )I0(h̄ω/2kBT )] (37)

where I0(x) is a modified Bessel function. This expression holds regardless of whether the
photon energy h̄ω is large or small compared to the thermal energy kBT ; note that at
0.3 K, the crossover h̄ω = kBT occurs at 6 GHz. In contrast, almost all of the expressions
that appear in the literature on microwave superconductivity make the assumption that
h̄ω << kBT , which is certainly valid in the microwave range when working at 4 K or above.
This is a crucial point: the surface resistance and quality factor obey very different scaling
laws in the two regimes h̄ω << kBT and h̄ω >> kBT (see below).

The real part of the conductivity, which is responsible for the loss, and is due to thermally–
excited quasiparticles, is given by a similar integral:

σ1

σn
=

2

h̄ω

∫ ∞

∆
dε

[f(ε) − f(ε + h̄ω)] (ε2 + ∆2 + h̄ωε)
√

ε2 − ∆2
√

(ε + h̄ω)2 − ∆2
(38)

In the limit kBT, h̄ω << ∆(0), this integral simplifies to

σ1

σn
≈ 2∆(T )

h̄ω
exp(−∆(0)/kBT ) exp(h̄ω/2kBT )K0(h̄ω/2kBT ) (1 − exp(−h̄ω/2kBT )) (39)

Here K0(x) is also a modified Bessel function.

Low frequency limit (h̄ω << kBT )

In the low frequency limit h̄ω << kBT , we can substitute I0(x) ≈ 1, and

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT )] (40)

We can now calculate the response of the superconductor to the injection of energy in the
form of quasiparticles. At low temperatures T << Tc, a change in the quasiparticle density
dnqp is equivalent to a change in the effective electron temperature dT , according to the
following equation:

dnqp ≈ 2N0

√
2πkBT∆(0) d [exp (−∆(0)/kBT )] (41)

In turn, the imaginary part of the conductivity changes according to

d (σ2/σn)

dnqp
=

(
σ2

σn

)

T=0

1

2N0

√
2πkBT∆(0)

(42)
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Quasiparticles to Conductivity
• MB gives characteristic 

temperature and ℏω/∆ 

dependence
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Mattis-Bardeen Relations
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Figure 1: Plots of Mattis-Bardeen relations for hν/∆ = 0.06, valid for ν = 3.5 GHz and ∆ = 210 µeV.
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We note that Figure 2.10 of Gao’s thesis shows there is actually very little difference between the
expressions given above and dσ/dnqp calculated from the thermal formulae without holding T fixed
(i.e., setting µ∗ = 0 and calculating dσ/dnqp = ∂σ(T )/∂T

∂nqp(T )/∂T ). If we write in terms of σ/|σ(0)|, the
expressions simplify further because the π∆/h̄ω factor disappears into |σ(0)|:

σ1

|σ(0)| =
4
π

nqp

2N0∆
1�

2π kT
∆

sinh
�

h̄ω

2kT

�
K0

�
h̄ω

2kT

�
(81)

σ2

|σ(0)| = 1− nqp

2N0∆

�
1 +

�
2∆
πkT

exp
�
− h̄ω

2kT

�
I0

�
h̄ω

2kT

��
(82)

2N0∆
∂(σ1/|σ(0)|)

∂nqp

����
T

=
2N0∆
nqp

σ1

|σ(0)| =
4
π

1�
2π kT

∆

sinh
�

h̄ω

2kT

�
K0

�
h̄ω

2kT

�
(83)

2N0∆
∂(σ2/|σ(0)|)

∂nqp

����
T

=
2N0∆
nqp

σ2 − σ2(0)
|σ(0)| = −

�
1 +

�
2∆
πkT

exp
�
− h̄ω

2kT

�
I0

�
h̄ω

2kT

��
(84)

Some notes:

• We see that both nqp and T appear. The way this should be treated is that, when considering
the quiescent quasiparticle density, it is necessary to self-consistently determine nqp and T ,
and then that T should be held fixed during the calculation of the derivatives. A convenient
way to determine nqp and T for the quiescent condition is to relate the observed σ1 and σ2

to nqp assuming a nominal T using Equations 81 and 82, then calculate a better estimate of
T from the nqp thus determined via Equation 74, redetermine nqp using the σ equations, and
iterate until nqp and T converge.

• As seen in the plots below, the derivatives do not depend exponentially on temperature once
one has separated out the nqp dependence.

• Seth Siegel has shown5 that the above approximate expressions can result in 10–20% level
inaccuracies when fitting data over a large temperature range and that the full integrals
giving rise to the above expressions should in general be used. The above approximate forms,
however, do well to make clear the parameter dependencies.

• It is standard to define

κ(T ) ≡ ∂(σ/|σ(0)|)
∂nqp

����
T

=
[σ − σ(0)] /|σ(0)|

nqp

=
1

2N0∆





4
π

1�
2π kT

∆

sinh
�

h̄ω

2kT

�
K0

�
h̄ω

2kT

�

−j

�
1 +

�
2∆
πkT

exp
�
− h̄ω

2kT

�
I0

�
h̄ω

2kT

���
(85)

≡ κ1(T ) + j κ2(T ) (86)

We also define rκ = 1 for the real part of κ and rκ = κ2/κ1 for the imaginary part. We will
find this factor convenient for writing formulae for the frequency and dissipation response in
a unified fashion.

5http://www.submm.caltech.edu/kids/AnalysisLog167
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conductivity fully 
inductive
at T = 0

ℏω/∆ = 0.06

weak T-dependence 

improve very rapidly as Tc is reduced, NEPTLS ! T"4
c . Meanwhile, at high illumination levels

we calculate tqp #
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tmaxD0n$=2!oPo

p
, and

NEPTLS ¼
8N0D0V

agS2ðoÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
STLS

tmaxn$V!o

s
ffiffiffiffiffiffiffiffiffiffiffi
PoDo

p
. 98:

The first two factors are dimensionless, and their product must be of order unity if the TLS

noise is to be comparable to the recombination noise. Note that the product,

n$tmax ¼ t0ð4N0DÞð2D0=kTcÞ, 99:

may be expressed using the electron-phonon time constant t0 defined and tabulated by Kaplan

et al. (121). Defining F ¼ 2D0/kTc # 3.5, we have

NEPTLS ¼
4

gS2ðoÞ
ffiffiffi
F

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N0D0VSTLS

a2t0!o

s
ffiffiffiffiffiffiffiffiffiffiffi
PoD0

p
. 100:

The first factor is near unity; the TLS noise therefore becomes comparable to the recombination

noise when STLS # a2t0/N0D0V. For V¼ 1,000 mm3, the numerical values work out to be STLS !
a2 ( 10"21 Hz"1 for niobium and STLS ! a2 ( 10"16 Hz"1 for aluminum; these values may be

compared with the experimental values given in Section 5.4.

5.8. Engineering Estimates for Two-Level System Noise

For practical design of detector arrays, it is often necessary to maintain the resonator quality

factor Qr above some minimum value that is set by the desired density of frequency

multiplexing. In this case, it is useful to combine Equations 88 and 89 to obtain an expression

for the TLS noise that sets the threshold for photon noise–limited operation:

STLS <
b2

4Q2
qp

1þ no
noDv

1

ð1þ yaÞ2g2ðxÞ
.

ħω /Δ0

β(ω
) = δσ

2 (ω
)/δσ

1 (ω
)

Tc /T = 1.5

2

3
4
5
6

102

10–2 10–1 100

101

100

Figure 18

This figure shows the ratio b(o) of the reactive (ds2) and dissipative (ds1) perturbations to the conductivity
that result from a perturbation in the quasiparticle density (see Equation 74). A thermal quasiparticle
distribution f(E) is assumed. The increase of b with increasing temperature and decreasing frequency can
be understood by examining the response functions K1(E) and K2(E) shown in Figure 16; K1 has a negative
peak near E ¼ D0 þ ħo due to the downward transition to states near the gap E ¼ D0. This stimulated
emission process reduces the net absorption of power from the microwave field.
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For a film that is thin enough so that diffusive surface scattering limits the electron mean free

path, Equation 8 gives l2local / rn / 1=t, and the effective penetration depth varies inversely as

the square of the film thickness, lthin / 1/t2.
These results may be summarized by relating the first-order fractional perturbation in the

surface impedance to the fractional perturbation in the conductivity,

dZsðo,TÞ
Zsðo, 0Þ

# $g
dsðo,TÞ
sðo, 0Þ , 13:

where dZs(o, T) ¼ Zs(o, T) $ Zs(o, 0), and with g ¼ 1, 1/2, and 1/3 for the thin-film, local, and

extreme anomalous limits, respectively. We introduce the conductivity quality factor,

Qsðo,TÞ ¼
s2ðo,TÞ
s1ðo,TÞ

, 14:

and similarly the surface impedance quality factor,

Qs ¼
Xsðo,TÞ
Rsðo,TÞ

. 15:

For Qs >> 1, we may approximate Qs(o,T) # s2(o, 0)/s1(o,T) to a fractional accuracy of

order Q$1
s . Equation 13 may then be used to show Qs ¼ Qs/g.

Figure 2 shows a plot of Qs as predicted by the Mattis-Bardeen theory. At low frequencies

and temperatures, ħo<<D0 and kBT << D0, we may use the approximation (25)

s1
sn

# 4D
ħo

e$D0=kBTsinh
ħo

2kBT

! "
K0

ħo
2kBT

! "
, 16:

along with Equation 5, to obtain

Qsðo,TÞ #
p
4

eD0=kBT

sinhðħo=2kBTÞK0 ðħo=2kBTÞ
, 17:

108

106

104

102

100

10010–110–2

Q σ
 =

 σ 2
 /σ

1

Tc /T  = 9

8

7

6

5

4

3

2

ħω /Δ0

Figure 2

A plot of the complex conductivity quality factor Qs ¼ s2/s1 as a function of normalized frequency ħo/D0,
calculated using theMattis-Bardeen integrals (Equations 1 and 2). Note that the minimum occurs roughly at
ħo/D0&T/Tc. At low frequencies, Qs / 1/o as indicated by Equation 18.
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Quasiparticles to Conductivity
• MB gives characteristic 

temperature and ℏω/∆ 

dependence
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Mattis-Bardeen Relations
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Figure 1: Plots of Mattis-Bardeen relations for hν/∆ = 0.06, valid for ν = 3.5 GHz and ∆ = 210 µeV.
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ℏω /∆  and Tc/T

improve very rapidly as Tc is reduced, NEPTLS ! T"4
c . Meanwhile, at high illumination levels

we calculate tqp #
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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, and
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8N0D0V

agS2ðoÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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tmaxn$V!o

s
ffiffiffiffiffiffiffiffiffiffiffi
PoDo

p
. 98:

The first two factors are dimensionless, and their product must be of order unity if the TLS

noise is to be comparable to the recombination noise. Note that the product,

n$tmax ¼ t0ð4N0DÞð2D0=kTcÞ, 99:

may be expressed using the electron-phonon time constant t0 defined and tabulated by Kaplan

et al. (121). Defining F ¼ 2D0/kTc # 3.5, we have
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4
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p
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The first factor is near unity; the TLS noise therefore becomes comparable to the recombination

noise when STLS # a2t0/N0D0V. For V¼ 1,000 mm3, the numerical values work out to be STLS !
a2 ( 10"21 Hz"1 for niobium and STLS ! a2 ( 10"16 Hz"1 for aluminum; these values may be

compared with the experimental values given in Section 5.4.

5.8. Engineering Estimates for Two-Level System Noise

For practical design of detector arrays, it is often necessary to maintain the resonator quality

factor Qr above some minimum value that is set by the desired density of frequency

multiplexing. In this case, it is useful to combine Equations 88 and 89 to obtain an expression

for the TLS noise that sets the threshold for photon noise–limited operation:

STLS <
b2

4Q2
qp

1þ no
noDv

1

ð1þ yaÞ2g2ðxÞ
.

ħω /Δ0

β(ω
) = δσ

2 (ω
)/δσ

1 (ω
)

Tc /T = 1.5

2

3
4
5
6

102

10–2 10–1 100

101

100

Figure 18

This figure shows the ratio b(o) of the reactive (ds2) and dissipative (ds1) perturbations to the conductivity
that result from a perturbation in the quasiparticle density (see Equation 74). A thermal quasiparticle
distribution f(E) is assumed. The increase of b with increasing temperature and decreasing frequency can
be understood by examining the response functions K1(E) and K2(E) shown in Figure 16; K1 has a negative
peak near E ¼ D0 þ ħo due to the downward transition to states near the gap E ¼ D0. This stimulated
emission process reduces the net absorption of power from the microwave field.
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• Observables
• Surface impedance is Zs = E / H for EM wave propagating normal to surface             

• For thin films (thickness t, therefore local limit; γ = −1):

σ2 dominates for T << Tc, so Xs dominates

• Relate fractional changes in σ to fractional changes in Zs (thin film limit)

Recall that the fractional conductivity change shows weak temperature 
dependence.

• So, given a measurement of surface impedances in a thin film, we can infer changes 
in conductivity and thus qp density.

Conductivity to Observables

7

Zs = Rs + iXs ≈
1

(σ1 − iσ2) t
Zs → iXs(T = 0) = iω Ls(T = 0)

∝ − [σ(T = 0)]−1 = i [σ2(T = 0)]−1

δZs

Zs(T = 0)
=

δσ

σ(T = 0)
δLs

Ls
=

δσ2

σ2(T = 0)
> 0

δRs

ωLs
=

δσ1

σ2(T = 0)
> 0

“kinetic inductance” “kinetic resistance”“kinetic impedance”
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KID Readout and Multiplexing

• KIDs response in both
reactance and resistance

• High Qσ suggests KIDs can
be incorporated into high-Q
resonant circuits; yields
frequency and Q response

• High-Q circuits lend themselves
to frequency-domain multiplexing
• Principle identical to AM/FM radio:

frequency → phase (FM),
Q → amplitude (AM)

• Don’t forget resonator bandwidth!
fqp < fr / 2Qr

• Ever-growing capabilities in 
GHz digital electronics:
• Fully digital generation, reception, 

and demodulation now possible

8

6

... ...

Disk
Array

Cryostat

Frequency 
Synthesizers IQ Mixers

Custom RF Board
Commercial 
Products

A/D
A/D

DSP

A/D
A/D

DSP

A/D
A/D

DSP

A/D
A/D

DSP

I
Q

Figure 1.2: A block diagram of a frequency multiplexed readout based on the homodyne detection
scheme described in Chapter 5.

bandgap engineering (trapping), diffusion, phonon coupling, or other techniques allows a wide

diversity of solutions to engineering problems. Design issues will be discussed extensively in

Chapter 3.

This thesis will explain in detail all the aspects of making and measuring MKIDs. It will also

detail four important experimental results that have shown conclusively that the source of the excess

noise reported in Day et al. [27] is due to the substrate.

1. The noise roll-off frequency seems to match the resonator bandwidth fairly well, which scales

linearly with the resonator quality factor Q. Any noise source associated with quasiparticles

would be expected to have a roll-off associated with the quasiparticle lifetime and be inde-

pendent of Q. Readout noise sources should also be independent of Q. More details are in

Section 7.1.4.

2. Thick and thin aluminum films of the same lateral geometry but with phase responses per

quasiparticle different by a factor of 100 show similar noise at the same readout power. This

is strong evidence that quasiparticles are not involved in the noise. For more details, see

Section 7.3.

3. Changing the substrate from silicon to sapphire reduces the noise dramatically. This is strong

evidence that the substrate is the cause of the noise, as shown in Chapter 8.

M
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 (

20
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)

make these digital

1.4 Third Problem: Relating Surface Impedance and Measurable Quantities

Chapter 4 of Gao’s thesis does the network analysis to relate changes in surface impedance to
changes in microwave transmission. Again, we quote his final results. The quiescent transmission
past the resonator is given by

S21 = 1− Q−1
c

Q−1
r + 2j (f − fr) /fr

(93)

where

fr ∝
1�

(Lm + Ls) C
(94)

is the resonance frequency, with Lm being the magnetic contribution to the inductance per unit
length (present in the absence of superconductivity due simply to the magnetic field of the current
flowing), C being the relevant capacitance per unit length, and the constant of proportionality
being left unspecified because we do not need it, and

1
Qr

=
1

Qc
+

1
QTLS

+
1

Q0
+

1
Qi,qp

(95)

describing the total quality factor of the resonator in terms of the coupling quality factor Qc, the
TLS loss quality factor QTLS , any intrinsic, non-quasiparticle loss Q0, and the loss due to quasi-
particles Qi,qp. For the quasiparticle loss that is described best in terms of the surface impedance,
it holds that

1
Qi,qp

=
Rs

ω (Lm + Ls(T = 0))
= α

Rs

ωLs(T = 0)
(96)

where α = Ls(T = 0)/ (Lm + Ls(T = 0)) is the kinetic inductance fraction. We are primarily
concerned with fluctuations in S21 due to fluctuations in surface impedance. We thus want to relate
fluctuations in S21 to fluctuations in 1/Q and fr and then relate those fluctuations to fluctuations
in surface impedance Zs. Using Equation 93, we can do the first step, yielding

δS21

���
f=fr

=
Q2

r

Qc

�
δ

1
Qi,qp

− 2j
δfr

fr

�
(97)

Since we want to make all dependences on nqp explicit in the end, it is better to make the dependence
on Qi,qp explicit. We have

Q2
r

Qc
=

Q2
r

QcQi,qp
Qi,qp = χQi,qp with χ =

Q2
r

QcQi,qp
(98)

Since QTLS � Qi,qp and Q0 � Qi,qp under optical loading, the value of χ is driven by the choice of
Qc. It is optimal to choose Qi,qp = Qc which yields the maximal value χ = 1/4, but we will leave
χ as a variable.6 We then have

δS21

���
f=fr

= χQi,qp

�
δ

1
Qi,qp

− 2j
δfr

fr

�
(99)

6Note that Gao’s thesis defines χ differently than various notes written by Zmuidzinas; the latter’s χ is 4 times
larger than the former’s so that optimal coupling yields χ = 1. The factor of 4 is carried around in the formulae so
the final results are no different between the two conventions.

22

fr − fr(T = 0)
fr(T = 0)

= −1
2

α
Ls − Ls(T = 0)

Ls(T = 0)

kinetic inductance
fraction

δS21|f=fr
=

Q2
r

Qc

�
δ

1
Qi,qp

− 2 i
δfr

fr

�
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Materials

• Aluminum
• Workhorse of superconductivity
• Seems to follow Mattis-Bardeen well
• Difficult to get high kinetic inductance fraction in a range of geometries due to 

short penetration depth (low resistivity)

• Titianium nitride and other nitrides, silicides, etc.
• High resistivity!  Yields very large penetration depth and KI fractions almost unity 

in films of tens of nm thickness
• Tc controllable
• But does not follow Mattis-Bardeen; obtaining physics-based understanding of 

response is critical.

9
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Resonator Readout Architectures

• Half-wave through
• λ/2-length of transmission line acts like a through short on-resonance 
• disfavored architecture;

has no off-resonance transmission

10

. 
. 

. 
. 

.

Input

Output

Figure 8: A possible simple multiplexing scheme for kinetic inductance detectors (see text).

is to mix the signal with two local oscillators that are 90o apart, as is done in lock–in am-
plifiers. Another method is to adjust the phase of a single local oscillator (using a variable
phase shifter) in order to null the output of a mixer (this is how you adjust the phase of
a single–phase lock–in). Both signal generation and analysis could either be done mainly
with analog techniques, or with a combination of analog and high–speed digital techniques.
Both methods benefit from the current rapid development of high–speed, high–frequency
integrated circuits (e.g. MMICs). Digital techniques are especially attractive since in princi-
ple multiple frequency components could be generated or analyzed simultaneously. However,
the efficacy of digital techniques will depend on the frequency spacing (detector Q) and the
available clock rates. For a large array, it may be advantageous to use multiple (10–50)
HEMT amplifiers, since the microwave readout frequencies could be shared. The range of
possibilities available with room–temperature electronics is vast and increases rapidly each
year. It seems clear that the microwave readout of a detector array is feasible now and
will only get easier with time. It is therefore essential to begin development of the critical
low–temperature detectors and arrays.
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Resonator Readout Architectures

• Quarter-wave shunt
• λ/4-length of transmission line acts like a short to ground on-resonance 

11
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Resonator Readout Architectures

• Lumped element
• Can be designed to eliminate dependence of responsivity on current distribution

• Energy can be usefully absorbed anywhere
• No insensitive volume for quasiparticles to diffuse to

• Decouples size of resonator from readout frequency
• Many implementations!

12
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CPW feedlineInput Output
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capacitor
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Figure 4.3: (a) Schematic illustration of a lumped-element kinetic inductance detector
(LeKID). The resonator consists of a single-line inductor meander and an interdigi-
tated capacitor. Coupling to the feedline (CPW of CPS) can be capacitive (like here)
or inductive (as in (b)). The inductor acts as a 1-D absorptive mesh for photons
above the superconductor gap energy and obviates the need for a separate antenna.
(b) Illustration of a 2x8 section of the geometry of a close-packed LeKID array, with
dark regions representing metallization (TiNx or Al). (c) Cross-sectional view along
A-A in (b) of a resonator showing the illumination mechanism and the metal back
short

Noroozian thesis (2012)

Capacitive coupling
Inductive Coupling

Monfardini et al., LTD-14 (2011)
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Figure 3. LC circuit configurations and their respective coupling schemes to the RF transmission line. (a) A capacitive

coupling scheme is shown with parallel LC circuit. (b) The inductive coupling scheme with series LC circuit, this is the

the equivalent circuit used in the MAKO devices.

Future devices may use microlens arrays which will focus the radiation only on the sensitive portions of the
resonators; the application to these lens arrays is discussed later. For the MAKO camera we are initially
planning to demonstrate bare pixels, without lenses.

The capacitor must be designed to provide an LC frequency ∼ 100 MHz. For the typical geometries described
here the kinetic inductance of TiN allows Lkin > 103 nH, so for an LC frequency of 100 MHz this requires
C ∼ 5 pF. For a fixed capacitor area the total C will increase approximately as the total number of fingers which
pushes the design toward narrower traces. To achieve the capacitances needed while not exceeding half of the
available area, trace widths and spacings of ∼ 1− 2 µm are required.

In Eq. 4b the NEP has a term in the frequency direction arising from two level systems (TLS) noise in the
capacitor. This noise arises from an amorphous dielectric surface layer near the electrodes of the capacitor such
as a surface oxide or adsorbed layer, and can be reduced by separating the capacitor fingers or increasing the
total area of the capacitor4 .

2.5 Resonator Q and RF Coupling

The LC resonator circuit is coupled to the transmission line with some coupling strength Qc set by the geometry
of the feed line and coupling structure. In the MAKO device an inductive scheme is used, where the resonator is
driven directly by galvanically coupling the inductor to the center conductor of the CPW feedline. The coupling
Qc in this case is

Qc,ind = 2Z0

�
1

ωLc

��
L

Lc

�
=

2Z0

Zres

�
L

Lc

�2

(10)

where Zres =
�
L/C is the characteristic impedance of the resonator and for our devices is ≈ 200 Ω. In the case

of inductive coupling the coupling inductor Lc is determined by the both the inductance per unit length of the
transmission line and the length between the coupling fingers.

For the MAKO design our goal is to design a coupling Qc ≈ 250 × 103 for devices with optically loaded
Qi’s ≈ 200 × 103. Sonnet simulation software was used to estimate the inductance per unit length (L�) of the
transmission line. The spacing between the coupling legs is calculated using Eq. 10,

l =
L

L�

�
Qc

2

Zres

Z0
(11)

Each pixel uses the same meander inductor and transmission line so variation in the required spacing depends
only on the interdigitated capacitor, l ∝

√
Zres ∝ C−1/4. Large changes in capacitance result in only small

required changes in the leg spacing to achieve the same Qc which allows uniform coupling to be easily designed
using this geometry. The capacitance is varied to set the resonant frequency of each resonator, for two octaves
this will require changing the leg spacing by only ≈ 40 %.
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Multiplexing and Readout
• Fulfilling the KID dream!  But there are challenges: collisions, cross-

coupling, scatter.
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MUSIC: 288 resonators (2012)

Golwala et al., Proc. SPIE (2012)
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Figure 5.19: Measurement of array resonance frequencies for design B and comparison

to simulation. There is a low(L)- and a high(H)-frequency band that are separated

by 101 MHz.

Figure 5.20: Measurements of array resonance frequency spacings for designs A and

B, and comparison to simulation. The sudden jump in the middle is due to the 101

MHz separation between the L and H bands.

hybrid IDC + CPW inductor

lumped element

lumped element
Noroozian thesis (2012)

+ microlens array~1000 pixels/line
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Energy Coupling Architectures
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NSTRF11 Renewal #2

(a) Residual difference between isolated resonator
length and the true resonator length when inside a
U-bend.

(b) The yellow MKIDs have their inductor length
corrected by the quadratic residual term.

Figure 3: Correction to account for coupling to vertical segments of feedline.

(a) The frequency encoding of our mask. (b) The Balun that matches the unbalanced mode
on the incoming CPW line to the balanced mode on
our CPS feedline

Figure 4: Finishing touches of the mask design.

5

NSTRF11 Renewal #2

High-Resolution Gamma-Ray Detection Using Phonon-Mediated Detection
NASA Grant #NNX11AM77H

Brett Cornell
California Institute of Technology

(530) 414-4470
cornell@caltech.edu

1 Work accomplished since the beginning of the training grant

award:

1.1 Research

As stated in my research training plan, it is my intention to take our prototype from a
proof of concept to a detector ready to conduct science. In this respect, our accomplishment
this year was to move from a 2 cm by 2 cm proof-of-concept to a full three inch focal plane
prototype as seen in Fig. 1. This required establishing our new design parameters, individual
resonator design, mask layout, extensive simulation, and device fabrication. We are currently
testing this first generation of focal plane prototypes.

(a) Our cm2 proof-of-concept. (b) Focal plane prototype.

Figure 1: My accomplishment this year.

One year ago, we had just achieved a position corrected energy resolution of σ = 0.55 keV
at 30 keV, and concluded that our small cm2 device had come to the end of its usefulness.
As this was expected, I had already begun the initial designs and simulations of what would

1

NSTRF11 Renewal #2

become our new three inch mask. At the time I had designed and simulated both the
individual resonators as well as (a segment of) the new feedline. As a reminder, our new
resonators were designed to have the same area and quality factor (Q) as the prototypes, have
good current uniformity, operate at the optimal frequency range of our current channelization
setup (3 GHz), and work on both Si and Ge substrates. They were also designed to have
no dipole moment to decrease the coupling between resonates (although this had yet to
be tested). Our feedline had been redesigned to offer a better impedance match to our
warm electronics over the entire desired frequency range. As of my last renewal, I had a
resonator geometry with the desired quality factor (Q = 50, 000) and a resonant frequency
that I could precisely tune by varying the length of the meandering inductive section. This
ability to design and predict the resonant response of each and every resonator is vital to the
production of this kind of MKID detector. My initial simulations to establish the relationship
between inductor length and resonant frequency were done using a single resonator alone on
a very large substrate coupling to a long, straight feedline. The result was the nice linear
function f = −0.0006274GHz

µm
l + 5.85GHz, that relates the resonant frequency (f) to the

inductor length (l).
At this point, it was important to ensure that our resonators did not couple to each

other, but to do this I needed an idea of what their relative spacing and orientation would
be on the substrate. To this end, I laid out an initial mask design which can be seen in
Fig. 1 of my Y1Q3 report. Once I had an idea of the radial and azimuthal separation of
my resonators I did a series of simulations to test for coupling, some of which may be seen
in Fig. 2. We first tested for deviations from the frequency response expected by the above
equation, while varying the separation between our resonators. Both of the MKIDs in the
azimuthal test (Fig. 2a) and one of the MKIDs in the radial test (Fig. 2b) exhibited no
coupling. The lower resonator in Fig. 2b, however, systematically deviated from its design
frequency. To further understand where this deviation originated, we stimulated one of the
two resonators at its resonant frequency and measured the current distribution in the other
resonator. Cross-coupling would have shown up as current in the off-resonant MKID, and
as seen in Fig. 2 there was no evidence for this.

(a) Azimuthal coupling. (b) Radial coupling.

Figure 2: Current density simulations of nearby resonators.

2

1 mm

75 mm

Cornell, Moore et al.

• Direct absorption of X-ray, optical, submm, mm photons in KID
• Microlenses can be used to decouple KID size from diffraction spot size

(MAKO, ARCONS); high resistivity material can match free space; also via feedhorn

• Antenna (and feedhorn) coupling
• SRON: lens coupling to twin-slot antenna at end of CPW KID 
• MUSIC: phased array antennas coupling to hybrid IDC/inductor KID

• Phonon absorption
• Direct absorption

of phonons in
lumped element KIDs

• Phonon-mediated 
detection of particles, γ’s
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Quasiparticle Response to Energy Input

• Quasiparticle response 
governed by quasiparticle 
lifetime, observed to follow

where n∗ may be a 
limiting qp density

• Frequently written as

with the recombination 
constant

15

τqp =
τmax

1 + nqp/n∗

perturbation in the quasiparticle distribution that has the same shape as the steady-state

distribution, df(E) / f(E). Although this assumption is a reasonable starting point, it is not

guaranteed to be correct, and this is an important topic for future research. Our assumption

guarantees that the fractional perturbations to the physical quantities are all equal, because

dX
X!Xð0Þ ¼

hKXjdf i
hKXjf i

¼ hKY jdf i
hKY jf i

¼ dY
Y !Yð0Þ . 57:

Thus, we can reduce the problem to the calculation of dNqp/Nqp.

5.6.3. Quasiparticle lifetime. The quasiparticle population may be calculated by balancing

the generation and recombination rates. Quasiparticles recombine via phonon emission along

with the subsequent escape of the recombination phonon from the superconducting volume
(113). Superconducting microresonators have proven very valuable for studying this process

(114, 115). As illustrated in Figure 17, experimentally, the quasiparticle lifetime tqp varies with

thermal quasiparticle density in a manner that is fairly well described by the relation

tqp ¼ tmax

1þ nqp=n&
, 58:

where the crossover density n& ' 100 mm!3 is observed to be roughly constant for a wide range

of materials, and tmax is the experimentally observed maximum lifetime. The physics governing
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Figure 17

This figure shows the beautiful quasiparticle lifetime measurements made using superconducting
microresonators. The filled symbols represent Ta films; the open symbols are Al films. The inset shows the
same data on a linear scale. Reprinted with permission from Reference 114. Copyright 2008, American
Physical Society.
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asymptotic regime; limiting excess qp density n∗, or something else?
related to disorder? (Barends et al implantation experiment)

1
τqp

= 2R nqp +
1

τmax
with R = (2 n∗ τmax)−1

1
τqp

= 2R nqp +
1

τmax
with R = (2 n∗ τmax)−1

Quasiparticle Relaxation in Optically Excited High-Q Superconducting Resonators

R. Barends,1 J. J. A. Baselmans,2 S. J. C. Yates,2 J. R. Gao,1,2 J. N. Hovenier,1 and T. M. Klapwijk1

1Kavli Institute of NanoScience, Faculty of Applied Sciences, Delft University of Technology,
Lorentzweg 1, 2628 CJ Delft, The Netherlands

2SRON Netherlands Institute for Space Research, Sorbonnelaan 2, 3584 CA Utrecht, The Netherlands
(Received 18 January 2008; published 25 June 2008)

The quasiparticle relaxation time in superconducting films has been measured as a function of
temperature using the response of the complex conductivity to photon flux. For tantalum and aluminum,
chosen for their difference in electron-phonon coupling strength, we find that at high temperatures the
relaxation time increases with decreasing temperature, as expected for electron-phonon interaction. At
low temperatures we find in both superconducting materials a saturation of the relaxation time, suggesting
the presence of a second relaxation channel not due to electron-phonon interaction.

DOI: 10.1103/PhysRevLett.100.257002 PACS numbers: 74.25.Nf, 74.40.+k

The equilibrium state of a superconductor at finite tem-
peratures consists of the Cooper pair condensate and ther-
mally excited quasiparticles. The quasiparticle density nqp
decreases exponentially with decreasing temperature.
These charge carriers control the high frequency (!) re-
sponse of the superconductor through the complex con-
ductivity !1 ! i!2. At nonzero frequencies, the real part
!1 denotes the conductivity by quasiparticles, and the
imaginary part !2 is due to the superconducting conden-
sate [1,2]. When the superconductor is driven out of equi-
librium, it relaxes back to the equilibrium state by the
redistribution of quasiparticles over energy and by recom-
bination of quasiparticles to Cooper pairs. The recombina-
tion is a binary reaction, quasiparticles with opposite wave
vector and spin combine, and the remaining energy is
transferred to another excitation. The latter process is
usually controlled by the material-dependent electron-
phonon interaction [3,4]. With decreasing temperatures,
the recombination time increases exponentially, reflecting
the reduced availability of quasiparticles. Here we report
relaxation time measurements in superconducting films far
below the critical temperature Tc. We find strong devia-
tions from exponentially rising behavior, which we attrib-
ute to the emergence of an additional relaxation channel in
the superconducting films.

We have measured the time dependence of the complex
conductivity of superconducting films after applying an
optical photon pulse. In addition, the noise spectrum is
measured in the presence of a continuous photon flux [5].
The superconducting film is patterned as a planar micro-
wave resonator. The resonator is formed by a meandering
coplanar waveguide (CPW), with the central line 3 "m
and the slits 2 "m wide, and is coupled to a feed line; see
Fig. 1(a) [6]. The complex conductivity results in a kinetic
inductance Lk / 1=d!!2, for thin films with thickness d,
which is due to the inertia of the Cooper pair condensate. It
sets together with the length of the central line the reso-

nance frequency: !0 " 2#=4l
!!!!!!!!!!!!!!!!!!!!!!!!
#Lg $ Lk%C

q
, with l the

length of a quarter-wave resonator, Lg the geometric in-
ductance, and C the capacitance, both per unit length. The
variation in kinetic inductance due to photons is connected
to the quasiparticle density nqp by $Lk=Lk " 1

2$nqp=ncp,
with ncp the Cooper pair density (nqp & ncp). Resonance

(a) (b)

(c)

1 2

~

cryostat

Real
Imag-
inary

X

signal
generator

quadrature
mixer

LNA

FIG. 1. (a) A quarter-wavelength resonator, capacitively
coupled to a feed line, formed by the superconducting film
(gray) interrupted by slits (black). (b) The resonator exhibits a
dip in the magnitude and circle in the complex plane (inset) of
the feed line transmission S21. (c) The feed line transmission is
converted into a phase % and amplitude A using the equilibrium
resonance circle as a reference (right inset). The response to an
optical pulse of length 0:5 "s (at t " 0) (open circles) exhibits
an initial rise due to the response time (3:7 "s) of the resonator
and subsequently follows an exponential decay (34 "s) (dashed
line), reflecting the restoration of equilibrium [Eq. (1)]. The
response is measured with a signal generator, a low noise
amplifier (LNA), and a quadrature mixer (upper inset).
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Quasiparticle Response to Energy Input

• queiscent point (τqp and nqp) set using g-r equation to balance 
qp generation by power (optical, readout, and stray) and qp decay:

In absence of known power, τqp → τmax, Nqp → N∗, and ηP → N∗∆/τmax

• Dynamic response: use dynamic g-r equation to obtain

• Bolometric mode: simple proportionality with “bolometer time constant” τqp

• Calorimetric mode: δP(f ) = δE: exponentially decaying pulse response with 
pulse height δnqp = ηδE/∆ and decay time τqp

• Use relations between δnqp and observables to obtain expected signal

• Don’t forget resonator bandwidth!  fqp < fr / 2Qr

16

ηP

∆
= Nqp

�
1

τmax
+ R

Nqp

V

�
Nqp = nqp V N∗ = n∗ V

=⇒ τqp =
τmax�

1 + 2 (η P/∆) τmax/N∗

Nqp

N∗
=

�
1 + 2 (η P/∆) τmax/N∗ − 1

δNqp(f)
Nqp

∝ 1
1 + 2 π i f τqp

δP (f)
P

1 + Nqp/N∗
1 + Nqp/2 N∗
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Noise

• g noise for qps created by readout and thermally; g noise for optically 
created qps already in photon noise term; r noise for all qps

• Amplifier noise reduced by factor β in frequency direction

• In submm/mm, approaching or achieving bgnd limit; see talks/posters

17

NEP2diss ¼ 2Pohnð1þ noÞ þ
8N2

qpD
2
0

!2owcw2qpt2qp

kTa

Pa

þ
4!awqpD0

!2o
Pa þ

4GthD
2
0

!2o
þ
2NqpD2

0

!2o
ðt%1

max þ t%1
qp Þ.

86:

The terms in this equation are due to photon noise, amplifier noise, and shot noise from
microwave generation of quasiparticles, thermal generation, and quasiparticle recombination,

respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,

dP̂
ðfreqÞ
o ðnÞ ¼

4Pqp

b!owcwqp
ImdS21ðnÞ, 87:

which would lead to a noise equivalent power of

NEP2freq ¼ 2Pohnð1þ noÞ þNEP2g%r

þ
8N2

qpD
2
0

b2!2owcw2qpt2qp

kTa

Pa
þ
8N2

qpD
2
0Q

2
i

b2!2ow2qpt2qp
STLS.

88:

The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions
by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing

Nqp

tqp
¼ GgðxÞ, 89:

where x ¼ Gtmax/N& ' 0 and

gðxÞ ¼ 2

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write

NEP2diss ¼ 2ð1þ noÞPohnþ
8g2ðxÞ!a
wcw2qp!o

ð1þ yaÞ2

ya
PokTa

þ
4wqp
!o

yaPoD0 þ
4

!o
ð1þ yaÞPoD0.

91:

Rearranging,

NEP2diss ¼ 2ð1þ noÞPohn

þ 2g2ðxÞ!a
wcw2qp

kTa

D0

ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1

2

4

3

5 4PoD0

!o
.

92:
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The terms in this equation are due to photon noise, amplifier noise, and shot noise from
microwave generation of quasiparticles, thermal generation, and quasiparticle recombination,

respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,
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which would lead to a noise equivalent power of
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The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions
by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing

Nqp

tqp
¼ GgðxÞ, 89:

where x ¼ Gtmax/N& ' 0 and

gðxÞ ¼ 2

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write

NEP2diss ¼ 2ð1þ noÞPohnþ
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Rearranging,

NEP2diss ¼ 2ð1þ noÞPohn

þ 2g2ðxÞ!a
wcw2qp

kTa

D0

ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1

2

4

3

5 4PoD0

!o
.

92:

202 Zmuidzinas

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

12
.3

:1
69

-2
14

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 C
al

ifo
rn

ia
 In

st
itu

te
 o

f T
ec

hn
ol

og
y 

on
 0

3/
16

/1
2.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

NEP2diss ¼ 2Pohnð1þ noÞ þ
8N2

qpD
2
0

!2owcw2qpt2qp

kTa

Pa

þ
4!awqpD0

!2o
Pa þ

4GthD
2
0

!2o
þ
2NqpD2

0

!2o
ðt%1

max þ t%1
qp Þ.

86:

The terms in this equation are due to photon noise, amplifier noise, and shot noise from
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respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,
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o ðnÞ ¼

4Pqp

b!owcwqp
ImdS21ðnÞ, 87:

which would lead to a noise equivalent power of

NEP2freq ¼ 2Pohnð1þ noÞ þNEP2g%r

þ
8N2

qpD
2
0

b2!2owcw2qpt2qp

kTa

Pa
þ
8N2

qpD
2
0Q

2
i

b2!2ow2qpt2qp
STLS.

88:

The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions
by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing
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where x ¼ Gtmax/N& ' 0 and
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1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write
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respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,
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The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions
by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing
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frequencies. Meanwhile, for frequency readout we would use the estimator,
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The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions
by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.
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ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1

2

4

3

5 4PoD0

!o
.

92:
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/
Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-
fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally
change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for
photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:

200 Zmuidzinas

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

12
.3

:1
69

-2
14

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 C
al

ifo
rn

ia
 In

st
itu

te
 o

f T
ec

hn
ol

og
y 

on
 0

3/
16

/1
2.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/
Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-
fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally
change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for
photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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to real (dissipation) response

If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/
Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-
fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally
change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for
photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/
Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-
fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally
change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for
photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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fg ¼ tan"12Qrx, 36:

the coupling efficiency factor,

wc ¼
4QcQi

ðQc þQiÞ2
& 1, 37:

which reaches unity for optimum coupling Qc ¼ Qi, and also the detuning efficiency,

wgðoÞ ¼
1

1þ 4Q2
r x

2
& 1, 38:

which is maximized when the generator is tuned to the center of the resonance, o ¼ or. Using

this notation, we may write

AðoÞ ¼ j
Qi

2
wcwge

"2jfg 39:

and

BðoÞ ¼ Qi

4
wcwge

"2jfg . 40:

Amplifier noise may be accounted for by adding a noise term to Equation 34. This describes

the additive noise of the amplifier, as characterized by its noise temperature Ta. Depending on

the readout carrier power, signal bandwidth, and the gain stability of the amplifier, multiplica-
tive noise due to variations in the amplifier’s complex gain (amplitude and phase) may also need

to be considered. Fortunately, a variety of mitigation strategies (e.g., pilot tones interspersed

between the readout tones, carrier suppression techniques, or more rapid signal modulation)

may be deployed, so we assume that it is safe to ignore such effects. Including the amplifier’s

additive noise, we may write

dS21ðnÞ ¼
1

4
wcwgQie

"2jfg
!
2jdxðnÞ þ dQ"1ðnÞ

"
zðn,oÞ þ dSaðnÞ. 41:

Here, dSa(t) ¼ dIa(t) þ jdQa(t) is the fluctuation in the measured forward transmission caused

by the amplifier noise, and is characterized by

hdIaðnÞdI'aðn
0Þi ¼ hdQaðnÞdQ'

aðn
0Þi ¼ kTa

2Pg
dðn" n0Þ; 42:

all other correlations vanish. As expected, the signal-to-noise ratio in the transmission measure-
ment improves with the generator power Pg. Note that a portion of the generator power is

absorbed in the resonator, given by Pa ¼ waPg, where the absorption efficiency is

waðoÞ ¼
wcwgðoÞ

2
& 1

2
. 43:

5.4. Noise from Two-Level Systems

In practice, superconducting microresonators are found to have excess frequency noise

(1, 67, 73, 79, 98) varying with frequency as (f"1/2 and corresponding to transmission

perturbations in a direction that is purely tangential to the resonance circle (see

Figure 12). Amazingly, noise in the perpendicular direction corresponding to dissipation

fluctuations is not seen even at levels well below the standard quantum limit (99). For
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/
Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-
fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally
change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for
photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/
Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-
fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally
change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for
photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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Kinetic Inductance Detectors  Sunil Golwala

Two-Level Systems in Resonators

• Amorphous oxides on resonator metal 
film and bare substrate

• Amorphous materials have large 
population of “two-level systems”
• Defect states in materials present 

opportunity for tunneling 
between two configurations

• Theory of two-level systems in 
NMR applies

• TLS interacts with resonator 
via electric dipole moment
• Trades energy with resonator’s 

RF EM field.
• But can also emit to substrate via phonons.
• Loss (dissipation) → noise in the coupling.

• Coupling to dipole moments in substrate  = dielectric constant
Fluctuations in TLSs = dielectric constant fluctuations

97

Figure 5.11: A illustration of a particle in a double-well potential

are the Pauli matrices.

5.4.2 Two-level dynamics and the Bloch equations

TLS can interact with an external electric field !E and strain field e. It can be shown that the

dominant effect of the external fields on the TLS is through the perturbation in the asymmetry

energy ∆, while changes in the tunnel barrier ∆0 can usually be ignored[65]. In the electric problem,

the interaction Hamiltonian can be written as (in ψ1, ψ2 basis)

He
int =

[
∆

ε
σz +

∆0

ε
σx

]
!d0 · !E. (5.23)

We recognize

!d′ = 2 !d0
∆

ε
(5.24)

as the permanent electric dipole moment and

!d = !d0
∆0

ε
(5.25)

as the transition electric dipole moment[66]. Because ∆0 ≤ ε, the maximum transition dipole

moment of a TLS with energy splitting ε is !d0. Later we will see that the first term in Eq. 5.23 gives

rise to a relaxation response and the second term gives a resonant response to the electric field. In

our problem of TLS in a microwave resonator, He
int gives the coupling between the TLS and the

microwave photons.

18

first step toward this ultimate goal was demonstrated recently by Weber et al. (81), who used

silicon-on-insulator (SOI) wafers to produce parallel-plate capacitors with a 2-mm-thick layer of

crystalline silicon as the dielectric. For capacitance values C ¼ 2" 5 pF, 5-GHz resonator

measurements at single-photon excitation levels indicated Qi # 2 $ 105, corresponding to FTLS
d0 # 5$ 10"6. At higher drive levels,Qi increases to#106, indicating that TLS, perhaps located

at the interfaces between the silicon and the aluminum electrodes, are indeed still contributing

to the loss. It might therefore be possible to reduce the loss further through improvements to the

fabrication process, paying close attention to the condition of the silicon surface prior to

metallization.

As a final comment, it is interesting to note the remarkable recent qubit measurements (82)

demonstrating energy relaxation (T1) timescales of #200 ms. These results indicate that the

amorphous aluminum oxide used in the tunnel barrier of the qubit’s Josephson junction has a
loss tangent of order 4 $ 10"8, which is orders of magnitude lower than the values typically

seen in larger-volume samples. As first discussed by Martinis et al. (56), and again by Kim et al.

(82), the relevant volume in this case is so small that the discrete nature of the TLS is important.

Indeed, the TLS are so few that their average frequency spacing is much larger than the TLS line

width; instead of being frequency independent, the loss tangent varies dramatically with fre-

quency. Because of this, it is possible to achieve very low values of loss in the deep valleys in

between individual TLS resonances.

5. SUPERCONDUCTING MICRORESONATOR DETECTORS

The demonstration of superconducting microresonators with very high quality factors has

opened up numerous new possibilities for superconducting detectors. Awide variety of schemes

have been proposed and considered; the common denominator is the use of an array of

100 200 300 400 500 600 700 800
T (mK)

∆
f r

/f
r 

(×
 1

0–6
)

5 µm
3 µm

10 µm
20 µm
50 µm

DataPrediction

–12

–10

–8

–6

–4

–2

0

Figure 7

Results of a geometrical scaling experiment demonstrating the existence of a 2D two-level system (TLS)
surface layer on niobium-sapphire coplanar-waveguide resonators. The different curves correspond to
resonators with varying center strip widths w, as indicated. The measured frequency shift versus tempera-
ture (colored symbols) closely follows the prediction of TLS theory (colored lines; Equation 25), provided
that the TLS filling factor scales as FTLS / w"0.9, in agreement with conformal mapping calculations.
Reprinted with permission from Reference 72. Copyright 2008, American Institute of Physics.
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Gao et al APL (2008) as reproduced in 
Zmuidzinas, ARCMP (2012)

Frequency shift scales with temperature 
and dimensions as expected from 

phenomenological theory
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Two-Level System Noise Characteristics

• Noise only in phase direction to high precision, f −1/2 spectrum

• Noise varies as T−1.7 and Pstored−1/2

• Engineering: reduce E where TLS are
get away from amorphous materials

19
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STLSðnÞ ¼ kðn,o,TÞ

Z

VTLS

j
!
Eð

!
rÞj3d3!r

4
!Z

V
jEð

!
rÞ

!
Eð

!
rÞj2d3!r

"2
, 45:

where k(n, o, T) captures the n$1/2 spectral shape as well as the dependence on microwave

frequency and temperature,
!
E is the microwave electric field, Eð

!
rÞ is the dielectric constant, VTLS

is the volume in which the TLS exist, and V is the total volume. The numerical values of STLS
obviously depend on the construction of the capacitor and scale inversely with the operating

voltage. Values around 10$18 Hz$1 at n ¼ 1 Hz and 10$20 Hz$1 at n ¼ 1 kHz have been

demonstrated using interdigitated capacitors (C ¼ 2 pF) on silicon substrates with 0.7 mm2

area, 10 mm finger width and separation, and operated at o/2p ¼ 5.6 GHz, Pint % –50 dBm, and

T ¼ 120 mK (100). Under these conditions, the r.m.s. capacitor voltage is around 1.3 mV and

the average resonator energy is 3 & 10$18 J, equivalent to 106 microwave photons. By using

NbTiN superconducting films and etching the silicon substrate in the CPW slot region, Barends
et al. (101) have demonstrated STLS(1 kHz) ¼ 2 & 10$21 Hz$1 at 310 mK, –30 dBm ('108

photons), and 3–5 GHz (see Figure 14). Accounting for the higher temperature and operating

power, this noise level is roughly an order of magnitude higher than that shown by Noroozian

et al. (100) but was accomplished using a device with considerably smaller area. Based on their

experimental results and analysis, Barends et al. argue that the exposed (and presumably

oxidized) areas of the silicon substrate in the high-field CPW slot region, rather than the NbTiN

200 500 1,000
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Figure 13

This figure illustrates the dependence of two-level systems (TLS) frequency noise with temperature and
readout power. The fractional frequency noise STLS(n ¼ 1 kHz) of a 4.4-GHz Nb/Si coplanar-waveguide
resonator varies as 'T$1.7 over the 0.1–1-K temperature range. The numbers on the right indicate the
microwave readout power Pg in decibels referenced to one milliwatt; the noise scales as STLS / P$0:5

g . The
readout power can be converted to internal power using (24) Pint ¼ ð2Q2

r =pQcÞPg. For this device, Qr %
Qc ¼ 5 & 105. Reprinted with permission from Reference 73. Copyright 2008, American Institute of
Physics.
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phase

amplitude

CPW resonators on crystalline substrates, this noise is caused by TLS in a thin amorphous

dielectric surface layer that is known to exist from frequency-shift studies (72). Experi-

ments (100) have definitively shown that the noise is due to the resonator’s capacitor, not

the inductor: The noise may be reduced by a large factor by increasing the electrode

separation in the capacitor (reducing FTLS), while leaving the inductor unchanged. Parallel-

plate capacitors using single-crystal silicon dielectrics (81) may also provide a route to

reduced TLS noise. The fractional frequency perturbation dxTLS produced by this mecha-

nism enters the response equation in exactly the same way as the desired kinetic inductance
signal dx,

dS21ðnÞ ¼
1

4
wcwgQie

$2jfgzðn,oÞ

%
!
2jdxðnÞ þ 2jdxTLSðnÞ þ dQ$1ðnÞ

"
þ dSaðnÞ.

44:

The spectral density STLS(n) of dxTLS is observed (73) to vary with readout power as P$1=2
g and

with temperature as T$bwith b ¼ 1.5 – 2 (see Figure 13). Unfortunately, a microscopic theory

for TLS frequency noise is not yet available; the only tool at hand is the semiempirical model of
Gao et al. (98). In this model, the fractional frequency noise is given by
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Figure 12

This figure illustrates two-level system (TLS) frequency noise in a 4.4-GHz Nb/Si superconducting
microresonator. The inset shows the standard IQ homodyne measurement scheme used to measure the
complex forward transmission S21 / I þ jQ. At a fixed generator frequency o ¼ or, noise fluctuations
dS21 are projected into the directions tangent and perpendicular to the resonance circle, as indicated by the
vectors A and B shown in Figure 11. The blue line shows SAA(n), the noise power spectral density (PSD) in
the frequency (tangent) direction A, and is dominated by TLS noise, rolled off above 6 kHz by the
resonator’s response function jz(n,or)j2. The red line shows SBB(n), the noise in the dissipation direction B,
and is limited by amplifier noise. The dark yellow line shows the measured rotation angle between the major
principal axis of the noise ellipse and the dissipation direction B. The fractional frequency noise PSD is given
by STLSðnÞ ¼ SAAðnÞQ2

c=4Q
4
r ;Qr ¼ Qc ¼ 3.5 % 105 for this example. Reprinted with permission from

Reference 79. Copyright 2007, American Institute of Physics. Abbreviation: HEMT, high electron mobility
field-effect transistors.
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surfaces, are responsible for a significant portion of the noise. TLS noise spectra for other
geometries and materials and an estimate for k(n, o, T) for amorphous films may be found in

J. Gao’s PhD thesis (24). Much work remains to be done in this area to explore alternative

capacitor geometries, materials, and operating conditions, and especially to develop a viable

microscopic theory of the noise.

5.5. Nonlinear Response

In order to reduce TLS noise and to overcome amplifier noise, it is desirable to use a microwave

readout power that is as large as possible. Consequently, MKIDs are usually operated in a

regime in which the microwave currents are strong and nonlinearity is becoming important.
It has long been known that superconductors exhibit a nonlinear response (102, 103). For

T << Tc, we may write an expansion of the kinetic inductance Lk of a superconducting strip

in terms of the current:

LkðIÞ ¼ Lkð0Þ 1þ I2

I22
þ . . .

! "
, 46:

Microwave photon number (N = E/hν)
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Figure 14

The two-level system fractional frequency noise measured at 1 kHz for a variety of resonators is plotted as a
function of the stored microwave energy measured in photon units, N ¼ E/hnr. The data are as follows:
(A) 320 nm Al on Si, w=3 mm and g=2 mm coplanar waveguide (CPW) (see Figure 3; abbreviated to 3-2),
nr ¼ 5.8 GHz, T=120 mK (79); (B) 40 nm Al on Si, 3-2, 4.8 GHz, 120 mK (79); (C) 200 nm Al on sapphire,
3-2, 4 GHz, 120 mK (79); (D) 200 nm Al on Ge, 3-2, 8 GHz, 120 mK (79); (E) 200 nm Nb on Si, 3-2,
5.1 GHz, 120 mK (79); (F) 200 nm Nb IDC on Si with 60 nm Al 6-2 CPW inductor, 5.6 GHz, 120 mK
(100); (G) 40 nm TiN (Tc ¼ 4.5 K) on Si, 3-2, 6 GHz, 100 mK (61); (H) 4-mm-wide microstrip, 93 nm Al þ
200 nm a-Si:H þ 154 nm Al, 9 GHz, %150 mK; (I) 300 nm NbTiN on Si, 3-2, 4.4 GHz, 310 mK (101);
(J) 300 nm NbTiN on Si, 6-2, 2.64 GHz, 310 mK (101).
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increasing Pg

STLSðnÞ ¼ kðn,o,TÞ

Z

VTLS

j
!
Eð

!
rÞj3d3!r

4
!Z

V
jEð

!
rÞ

!
Eð

!
rÞj2d3!r

"2
, 45:

where k(n, o, T) captures the n$1/2 spectral shape as well as the dependence on microwave

frequency and temperature,
!
E is the microwave electric field, Eð

!
rÞ is the dielectric constant, VTLS

is the volume in which the TLS exist, and V is the total volume. The numerical values of STLS
obviously depend on the construction of the capacitor and scale inversely with the operating

voltage. Values around 10$18 Hz$1 at n ¼ 1 Hz and 10$20 Hz$1 at n ¼ 1 kHz have been

demonstrated using interdigitated capacitors (C ¼ 2 pF) on silicon substrates with 0.7 mm2

area, 10 mm finger width and separation, and operated at o/2p ¼ 5.6 GHz, Pint % –50 dBm, and

T ¼ 120 mK (100). Under these conditions, the r.m.s. capacitor voltage is around 1.3 mV and

the average resonator energy is 3 & 10$18 J, equivalent to 106 microwave photons. By using

NbTiN superconducting films and etching the silicon substrate in the CPW slot region, Barends
et al. (101) have demonstrated STLS(1 kHz) ¼ 2 & 10$21 Hz$1 at 310 mK, –30 dBm ('108

photons), and 3–5 GHz (see Figure 14). Accounting for the higher temperature and operating

power, this noise level is roughly an order of magnitude higher than that shown by Noroozian

et al. (100) but was accomplished using a device with considerably smaller area. Based on their

experimental results and analysis, Barends et al. argue that the exposed (and presumably

oxidized) areas of the silicon substrate in the high-field CPW slot region, rather than the NbTiN
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Figure 13

This figure illustrates the dependence of two-level systems (TLS) frequency noise with temperature and
readout power. The fractional frequency noise STLS(n ¼ 1 kHz) of a 4.4-GHz Nb/Si coplanar-waveguide
resonator varies as 'T$1.7 over the 0.1–1-K temperature range. The numbers on the right indicate the
microwave readout power Pg in decibels referenced to one milliwatt; the noise scales as STLS / P$0:5

g . The
readout power can be converted to internal power using (24) Pint ¼ ð2Q2

r =pQcÞPg. For this device, Qr %
Qc ¼ 5 & 105. Reprinted with permission from Reference 73. Copyright 2008, American Institute of
Physics.
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Applications: So Many!

• submm/mm
• imaging: MAKO (McKenney, Swenson), BLAST-POL+ (Hubmayr), NIKA (Doyle, 

Monfardini, Calvo(P)), lens-coupled twin-slot antenna (Yates), GroundBIRD 
(Tajima, Watanabe(P)), MUSIC (Sayers, Gill(P), Siegel(P)), A-MKID (Baryshev(P), 
Baselmans(P)), polarization-sensitive KIDs (Tartari(P))

• spectroscopy: DESHIMA (Endo), SuperSpec (Shirokoff, Barry(P), Hailey-Dunsheath
(P))

• membrane-isolated resonator (Wernis(P), Lindeman(P), Thomas(P))

• optical: ARCONS (Mazin, Marsden(P), Meeker(P))
• X-ray: membrane-isolated resonator (Ulbricht, Cecil(P), Miceli(P))
• Phonon-mediated detection (Cornell, Ishino(P))
• Materials development: Giachero(P), Vissers(P), Koga(P), Bueno(P)
• Noise: Lindeman(P), Lovitz(P)
• Current-biased KID: Yoshioka(P)
• Assorted talks/posters on readouts

20
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Conclusion

• Kinetic inductance detectors are an exciting application of the physics 
of superconductivity yielding high readout multiplex factors

• The fundamental response and noises can be understood and tested 
(at least for M-B material, and hopefully soon for high-resistivity non-
M-B materials).

• They are applicable in a wide variety of circumstances for energy 
detection.

• Thanks to the many LTD participants who supplied input to this talk.
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