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Figure 2. Redshift evolution of the dark matter density in cubes of 2 h�1Mpc on a side, for a CDM (left) and 3.3 keV WDM Universe
(right). From top to bottom, the snapshots for z = 10, z = 6, z = 1 and a zoom-in of a 1010 h�1 M� halo in z = 0 are shown. The
“coldness” of the 3.3 keV model makes di↵erences hard to tell, especially at z = 1, where the largest objects look identical. At early
times, however, the formation of far more smaller objects in CDM can be clearly seen, whereas the equivalent regions in WDM are
smoother. The formation of the largest objects occur at roughly the same time and evolve in a similar fashion. In the bottom panel, we
zoom into a 5 ⇥ 1010 h�1 M� halo, where the lack of substructure in the WDM case relative to the CDM counterpart is stark.
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Parameter Simulation Value

Box Size 70.4 h�1 Mpc
mWDM 3.3 keV

Np 13, 384, 245, 248
Vhr ⇠ 2.2 ⇥ 104 h�3Mpc3

mp,hr 1.135 ⇥ 105 h�1 M�
Np,hr 12, 876, 807, 168
✏hr 230 h�1 pc
h 0.704

⌦m 0.272
⌦⇤ 0.728
�8 0.81

Phase descriptor [Panph1,L16,(31250,23438,39063),S12,CH582187950,COLOR]

Table 1. Cosmological parameters used in the coco simulations. Here, mWDM is the mass of the thermal relic warm dark matter
particle, Np is the total number of particles (of all types) used in the simulation,Vhr is the approximate volume of the high-resolution
region at z = 0, mp,hr is the mass of an individual high-resolution dark matter particle, Np,hr is the total number of particles of this
species, whereas ✏hr is the softening length applied to them. The cosmological parameters h,⌦m,⌦⇤ and �8 are as described in the text.
The phases for the parent color simulation can be generated using the panphasia phase descriptor provided in the last row.

latter, showing that halo formation will be suppressed below
a similar mass scale to that for a thermal relic. Note that
the sterile neutrino power spectrum predicts more power
at small scales than the thermal 3.3 keV, which exhibits
a sharper cuto↵. In this figure, we also show in the thin
coloured lines the resultant sterile neutrino power spectra
with di↵erent values of L6, exhibiting cuto↵s on a wide range
of scales.

2.2 Halo identification and matching

Haloes from our simulation were identified first in terms
of friend-of-friend (FOF) groups, using the FOF algorithm
(Davis et al. 1985) with a linking length of 0.2 times the
mean interparticle separation, with a minimum of 20 parti-
cles. The gravitationally-bound substructures within these
groups were identified using the subfind algorithm (Springel
et al. 2001a), although in this paper, we will be mostly con-
cerned with the properties of the WDM FOF groups. We de-
termine the halo centre using the “shrinking sphere” method
of Power et al. (2003). In short, we recursively compute the
centre of mass of all particles within a shrinking sphere, until
some convergence criterion is met. In each iteration, the ra-
dius of the sphere is reduced by 5%, and stopped when only
1000 particles or 1% of the particles of the initial sphere
(whichever is smaller) is left.

Comparing halo statistics between sets of simulations
is subject to having a consistent set of definitions for the
various properties of the haloes. In this work, we make use
of two definitions of mass – MFOF, which is the mass of
all particles identified by the algorithm as belonging to the
FOF group, and M200, which is the mass contained within
a sphere of radius r200, within which the average density
is 200 times the critical density of the Universe (⇢c) at the
specified redshift. Another commonly radius used to define
a halo edge is the virial radius, rvir, within which the den-
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Figure 1. The (dimensionless) matter power spectrum for the
3.3 keV WDM (red) model, compared to the CDM (blue) case.
The truncation of the WDM power spectrum is clearly visible
at scales log(k) > 1.0 h Mpc�1. In green, we show the sterile
neutrino power spectrum with parameters m⌫s = 7 keV and L6 =
8.66, where L6 is as described in the main text. The location of
the departure from the CDM power spectrum is almost identical
to that in the thermal 3.3 keV model. Also shown in the thin
coloured lines are the sterile neutrino power spectra with di↵erent
values of L6. Each model is “warmer” or “colder” relative to the
3.3 keV depending on the location of the cuto↵.
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(Viel et al. 2005). The smaller the WDM particle mass, the
larger the cutoff scale in the power spectrum cutoff. In coco-
warm the equivalent thermal particle mass is mWDM =
3.3 keV. As discussed in the introduction, this power spec-
trum is a very good approximation to the power spectrum
of the coldest possible sterile neutrino model that is compat-
ible with the decay interpretation of the recently measured
3.5 keV X-ray line (corresponding to a value of the lepton
asymmetry parameter, L6 = 8.66; Lovell et al. 2015; Bose
et al. 2015). This power spectrum leads to a delay in the
formation epoch of haloes of mass below ∼ 2 × 109h−1M⊙
in coco-warm relative to coco-cold (Bose et al. 2015).
We refer the reader to Bose et al. (2015) and Hellwing et al.
(2015) for further details of the coco simulations.

2.2 Subhaloes in COCO-WARM and
COCO-COLD

Haloes in the coco simulations were identified using the
FOF algorithm (Davis et al. 1985) with a linking length of
0.2 times the mean interparticle separation. Gravitationally-
bound subhaloes within each halo were identified using the
SUBFIND algorithm (Springel et al. 2001). Since the initial
conditions for both coco-warm and coco-cold had the
same initial Fourier phases, any differences in the abundance
of low mass subhaloes between the two are due entirely to
the different input power spectra.

In order to obtain the true mass function in WDM sim-
ulations, it is necessary to identify and exclude artificial
haloes that form in N-body simulations from initial power
spectra with a resolved cutoff, as is the case for coco-warm.
These spurious, small-mass haloes are generated by discreet-
ness effects that cause fragmentation of filaments, as dis-
cussed by Wang & White (2007) in the context of simula-
tions from hot dark matter initial conditions. The same phe-
nomenon is seen in WDM simulations (Angulo et al. 2013;
Lovell et al. 2014; Bose et al. 2015). Wang & White (2007)
found that a large fraction of these spurious haloes can be
removed by eliminating haloes with mass below,

Mlim = 10.1 ρ̄ d k−2
peak , (4)

where d is the mean interparticle separation and kpeak the
wavenumber at which the dimensionless power spectrum,

∆(k)2 = k3

2π2P (k), reaches its maximum. Spurious haloes
can also be identified by tracing back their particles to the
(unperturbed) initial density field. The Lagrangian regions
from which spurious haloes form tend to be much flatter that
the corresponding region for genuine haloes (Lovell et al.
2014). By calculating the inertia tensor of the initial particle
load, the sphericity of a halo can be defined as c/a, where a2

and c2 are the largest and smallest eigenvalues of the inertia
tensor. Spurious haloes in the coco-warm catalogues were
removed by Bose et al. (2015) by eliminating all haloes with
shalf−max < 0.165 and Mmax < 0.5Mlim, where shalf−max is
the sphericity of the halo at the half-maximum mass snap-
shot and Mmax is the maximum mass a halo achieved during
its growth history.

Figure 1. The differential subhalo mass function for host haloes
of different mass. The solid black (coco-cold) and red (coco-
warm) points show the subhalo mass function for host haloes with
mass in range [1011h−1M⊙, 1013h−1M⊙]. The dashed lines show
the mass function for haloes in different mass ranges in coco-
warm. We scale the dashed lines to match the red solid points
(by requiring the average amplitude of different curves to be the
same), so that one can compare the shape of the subhalo mass
functions in coco-warm. The blue line shows the fit to the SHMF
in coco-warm.

Note that, the halo selection in WDM is sensitive to
these criteria. In Bose et al. (2015), the sphericity cut is cal-
ibrated with respect to CDM simulations and the maximum
mass cut is calibrated by matching simulations of different
resolution. We refer the reader to Lovell et al. (2014) and
Bose et al. (2015) for a detailed discussion.

In Fig. 1, we show the differential subhalo mass function
(SHMF) in COCO simulations. The SHMF in coco-cold
can be fitted by the power law, n(M) ≡ dN(< Msub)/dM =
A0M

−α, where N(< Msub) is the total number of subhaloes
with mass smaller than Msub and α = 1.9 (Springel et al.
2008; Gao et al. 2012). The coco-warm simulation pro-
duces similar numbers of subhaloes as coco-cold at larger
masses but much smaller numbers for Msub > 109h−1M⊙.
The slope of the SHMF in coco-warm begins to deviate ap-
preciably from α = 1.9 at ∼ 108h−1M⊙. At at 107h−1M⊙,
the difference between the two SHMFs has grown to be a
factor of 10. In Fig. 1, we plot SHMFs in host haloes of dif-
ferent mass bins, and find that they all have the same shape.
The SHMF in coco-warm can be fitted with the expression
used by Schneider et al. (2012):

nWDM/nCDM = (1 +mc/m)−β . (5)

Lovell et al. (2014) show that the WDM mass function is
well fit adopting β = 1.3. We fix β = 1.3 and fit the mass
function of coco-warm to find a best-fit value of mc =
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(Viel et al. 2005). The smaller the WDM particle mass, the
larger the cutoff scale in the power spectrum cutoff. In coco-
warm the equivalent thermal particle mass is mWDM =
3.3 keV. As discussed in the introduction, this power spec-
trum is a very good approximation to the power spectrum
of the coldest possible sterile neutrino model that is compat-
ible with the decay interpretation of the recently measured
3.5 keV X-ray line (corresponding to a value of the lepton
asymmetry parameter, L6 = 8.66; Lovell et al. 2015; Bose
et al. 2015). This power spectrum leads to a delay in the
formation epoch of haloes of mass below ∼ 2 × 109h−1M⊙
in coco-warm relative to coco-cold (Bose et al. 2015).
We refer the reader to Bose et al. (2015) and Hellwing et al.
(2015) for further details of the coco simulations.

2.2 Subhaloes in COCO-WARM and
COCO-COLD

Haloes in the coco simulations were identified using the
FOF algorithm (Davis et al. 1985) with a linking length of
0.2 times the mean interparticle separation. Gravitationally-
bound subhaloes within each halo were identified using the
SUBFIND algorithm (Springel et al. 2001). Since the initial
conditions for both coco-warm and coco-cold had the
same initial Fourier phases, any differences in the abundance
of low mass subhaloes between the two are due entirely to
the different input power spectra.

In order to obtain the true mass function in WDM sim-
ulations, it is necessary to identify and exclude artificial
haloes that form in N-body simulations from initial power
spectra with a resolved cutoff, as is the case for coco-warm.
These spurious, small-mass haloes are generated by discreet-
ness effects that cause fragmentation of filaments, as dis-
cussed by Wang & White (2007) in the context of simula-
tions from hot dark matter initial conditions. The same phe-
nomenon is seen in WDM simulations (Angulo et al. 2013;
Lovell et al. 2014; Bose et al. 2015). Wang & White (2007)
found that a large fraction of these spurious haloes can be
removed by eliminating haloes with mass below,

Mlim = 10.1 ρ̄ d k−2
peak , (4)

where d is the mean interparticle separation and kpeak the
wavenumber at which the dimensionless power spectrum,

∆(k)2 = k3

2π2P (k), reaches its maximum. Spurious haloes
can also be identified by tracing back their particles to the
(unperturbed) initial density field. The Lagrangian regions
from which spurious haloes form tend to be much flatter that
the corresponding region for genuine haloes (Lovell et al.
2014). By calculating the inertia tensor of the initial particle
load, the sphericity of a halo can be defined as c/a, where a2

and c2 are the largest and smallest eigenvalues of the inertia
tensor. Spurious haloes in the coco-warm catalogues were
removed by Bose et al. (2015) by eliminating all haloes with
shalf−max < 0.165 and Mmax < 0.5Mlim, where shalf−max is
the sphericity of the halo at the half-maximum mass snap-
shot and Mmax is the maximum mass a halo achieved during
its growth history.

Figure 1. The differential subhalo mass function for host haloes
of different mass. The solid black (coco-cold) and red (coco-
warm) points show the subhalo mass function for host haloes with
mass in range [1011h−1M⊙, 1013h−1M⊙]. The dashed lines show
the mass function for haloes in different mass ranges in coco-
warm. We scale the dashed lines to match the red solid points
(by requiring the average amplitude of different curves to be the
same), so that one can compare the shape of the subhalo mass
functions in coco-warm. The blue line shows the fit to the SHMF
in coco-warm.

Note that, the halo selection in WDM is sensitive to
these criteria. In Bose et al. (2015), the sphericity cut is cal-
ibrated with respect to CDM simulations and the maximum
mass cut is calibrated by matching simulations of different
resolution. We refer the reader to Lovell et al. (2014) and
Bose et al. (2015) for a detailed discussion.

In Fig. 1, we show the differential subhalo mass function
(SHMF) in COCO simulations. The SHMF in coco-cold
can be fitted by the power law, n(M) ≡ dN(< Msub)/dM =
A0M

−α, where N(< Msub) is the total number of subhaloes
with mass smaller than Msub and α = 1.9 (Springel et al.
2008; Gao et al. 2012). The coco-warm simulation pro-
duces similar numbers of subhaloes as coco-cold at larger
masses but much smaller numbers for Msub > 109h−1M⊙.
The slope of the SHMF in coco-warm begins to deviate ap-
preciably from α = 1.9 at ∼ 108h−1M⊙. At at 107h−1M⊙,
the difference between the two SHMFs has grown to be a
factor of 10. In Fig. 1, we plot SHMFs in host haloes of dif-
ferent mass bins, and find that they all have the same shape.
The SHMF in coco-warm can be fitted with the expression
used by Schneider et al. (2012):

nWDM/nCDM = (1 +mc/m)−β . (5)

Lovell et al. (2014) show that the WDM mass function is
well fit adopting β = 1.3. We fix β = 1.3 and fit the mass
function of coco-warm to find a best-fit value of mc =
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Figure 2. Parameter constraints from 100 mock systems constructed using parameters appropriate to the coco-warm simulation. The
contours show the 68% and 95% confidence levels for the 2D posterior probability distribution of the model parameters. The histograms
at the end of each row show the marginalized 1D posterior probability distribution for each model parameter. The red vertical lines show
the input values of each model parameter. The assumed detection limit is Mlow = 107h−1M⊙.
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Figure 5. The 2D posterior probability distribution of fE and
mc, assuming N = 100, Mlow = 107h−1M⊙. The lower panel
shows the results with input model of coco-warm (red), and the
upper panel shows the results with input mode of coco-cold
(blue). The vertical dashed line shows the mc value of the coco-
warm simulation.
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Kang X., Macciò A. V., Dutton A. A., 2013, ApJ, 767, 22
Komatsu E., Smith K. M., Dunkley J., Bennett C. L., Gold
B., Hinshaw G., Jarosik N., Larson D., 2010, ArXiv e-
prints

Koopmans L. V. E., 2005, MNRAS, 363, 1136
Koopmans L. V. E., Treu T., Bolton A. S., Burles S., Mous-
takas L. A., 2006, ApJ, 649, 599

Li R., Mo H. J., Fan Z., Yang X., Bosch F. C. v. d., 2013,
MNRAS, 430, 3359

Li R., Shan H., Kneib J.-P., Mo H., Rozo E., Leauthaud A.,
Moustakas J., Xie L., Erben T., Van Waerbeke L., Makler
M., Rykoff E., Moraes B., 2016, MNRAS

Li R., Shan H., Mo H., Kneib J.-P., Yang X., Luo W., van
den Bosch F. C., Erben T., Moraes B., Makler M., 2014,
MNRAS, 438, 2864

Lovell M. R., Bertone G., Boyarsky A., Jenkins A.,
Ruchayskiy O., 2015, MNRAS, 451, 1573

Lovell M. R., Eke V., Frenk C. S., Gao L., Jenkins A., The-
uns T., Wang J., White S. D. M., Boyarsky A., Ruchayskiy
O., 2012, MNRAS, 420, 2318

Lovell M. R., Frenk C. S., Eke V. R., Jenkins A., Gao L.,
Theuns T., 2014, MNRAS, 439, 300

Ludlow A. D., Bose S., Angulo R. E., Wang L., Hellwing
W. A., Navarro J. F., Cole S., Frenk C. S., 2016, ArXiv
e-prints

Mahdi H. S., van Beek M., Elahi P. J., Lewis G. F., Power
C., Killedar M., 2014, MNRAS, 441, 1954

Mao S., Schneider P., 1998, MNRAS, 295, 587
McAlpine S., Helly J. C., Schaller M., Trayford J. W., Qu
Y., Furlong M., Bower R. G., Crain R. A., 2015, ArXiv
e-prints

McKean J., Jackson N., Vegetti S., Rybak M., Serjeant S.,
Koopmans L. V. E., Metcalf R. B., Fassnacht C., Marshall
P. J., Pandey-Pommier M., 2015, Advancing Astrophysics
with the Square Kilometre Array (AASKA14), p. 84

Metcalf R. B., Madau P., 2001, ApJ, 563, 9
Nierenberg A. M., Treu T., Wright S. A., Fassnacht C. D.,
Auger M. W., 2014, MNRAS, 442, 2434

Pawase R. S., Courbin F., Faure C., Kokotanekova R., Mey-
lan G., 2014, MNRAS, 439, 3392

Peebles P. J. E., 1982, ApJL, 263, L1
Planck Collaboration Ade P. A. R., Aghanim N., Armitage-
Caplan C., Arnaud M., Ashdown M., Atrio-Barandela F.,
Aumont J., Baccigalupi C., Banday A. J., et al. 2014,
A&A, 571, A16

Riemer-Sorensen S., 2014, ArXiv e-prints
Schaye J., Crain R. A., Bower R. G., Furlong M., Schaller
M., Theuns T., Dalla Vecchia C., 2015, MNRAS, 446, 521

Schneider A., Smith R. E., Macciò A. V., Moore B., 2012,
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Figure 3. The constraining power on fE and mc using 50, 100 and 1000 mock Einstein ring systems. The upper panels show results
for Mlow = 108h−1M⊙, while the lower panels show results Mlow = 107h−1M⊙. The input SHMF is from coco-warm. The red crosses
show the parameter values of coco-warm.
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in WDM can be partialy compensated for by a decrease in
the overall amplitude of the SHMF. With a detection limit
of Mlow = 107h−1M⊙ and N = 100 systems, both mc and
fE are tightly constrained. Crucially, we find that with data
like these one can rule out at the 2σ level all dark matter
models with mc < 106.64h−1M⊙, which includes CDM.

We now explore how the number of strong lens systems,
N , affects the constraining power of the method. In Fig. 3,
we show constraints on fE and mc using 50, 100 and 1000
mock systems for detection limits of Mlow = 107h−1M⊙ and
Mlow = 108h−1M⊙. The 1σ error on fE decreases by about a
factor of 3 as N increases from 50 to 100. Even with N = 50
lenses, one can still put constraints on the lower limit as
long as subhaloes as massive as Mlow = 107h−1M⊙ can be
detected.

The variation of the constraints on mc for different val-
ues of Mlow is displayed in Fig. 4. Red, black and blue his-
tograms show the marginalized 1D posterior probablity dis-
tribution of mc, for detection limits of Mlow = 107h−1M⊙,
Mlow = 108h−1M⊙ and Mlow = 109h−1M⊙ respectively. A
detection limit of Mlow = 109h−1M⊙ hardly constrains the
properties of the dark matter. This is not only because of
poor detectability, but also because the number of subhaloes
above this mass that can be found within a host halo is in-
trinsically small. For Mlow = 108h−1M⊙, dark matter mod-
els with mc > 108.5h−1M⊙ are disfavoured, but the lower
limit of mc still cannot be constrained. Our results illustrate
the vital importance of the subhalo detection threshold in
distinguishing different dark matter models.

Lovell et al. (2014) resimulated four WDM analogues
of the CDM galactic haloes in the Aquarius simula-
tions (Springel et al. 2008) for warmer models than coco-
warm, specifically for models with power spectrum cut-
offs corresponding to thermal relic warm particle masses
of mWDM = [2.28, 1.96, 1.59, 1.41] keV. By fitting Eq. 5
to the SHMF in each case, we can obtain values for mc,
which increase for decreasing values of mWDM. We find best-
fit values of log[mc/(h

−1M⊙)] = [9.07, 9.28, 9.55, 9.76] for
mWDM = [2.28, 1.96, 1.59, 1.41] keV respectively. These val-
ues are overplotted as the dashed black lines in Fig. 4. It can
be seen that with Mlow = 108h−1M⊙ one can set a strong
lower limit to mWDM.

Finally, in Fig. 5 we show the 2D posterior probability
distributions of fE and mc using input models of coco-
cold(upper) and coco-warm (lower), with N = 100 and
a detection limit of Mlow = 107h−1M⊙. Encouragingly, we
find that this observational set up is sufficient to distinguish
between the two cosmologies. In other words, by observ-
ing approximately 100 strong lens systems with a detection
threshold of Mlow = 107h−1M⊙, we could potentially rule
out the 3.3 keV thermal WDM model, which, as discussed
earlier, has a very similar power spectrum to the “coldest”
7 keV sterile neutrino model. This is therefore a promising
way potentially to rule out the entire family of 7 keV sterile
neutrinos as candidates for the dark matter.

In table 1, we show the 95% error range for recovered
mc and fE from MCMC for different N and Mlow.

Figure 4. The marginalized 1D probability distribution of mc

for different detection mass limits with N = 100. The mock sys-
tems are generated using coco-wdm subhalo mass function. The
vertical black solid line shows the mc value of the coco-warm
simulation. The coloured dashed lines from left to right show
the mc values of warm dark matter models with particle masses
mWDM = 2.28, 1.95, 1.59, 1.41 keV respectively.

6 SUMMARY AND DISCUSSION

In this paper we have investigated the potential of strong
gravitational lensing as a diagnostic of the identity of the
dark matter. Two of the currently most plausible elementary
particle candidates for the dark matter, CDM and WDM,
make very different predictions for the number of low-mass
subhaloes that survive within larger haloes by the present
day. Strong lensing is sensitive to precisely this population
since subhaloes can produce measurable distortions to Ein-
stein rings.

To explore the extent to which strong lensing can con-
strain the subhalo mass function, we have performed Monte-
Carlo simulations to mimic observations of haloes hosting
the subhalo mass functions of the coco-warm and coco-
cold high-resolution N-body simulations. The former has
a power spectrum appropriate for a 3.3 keV thermal relic,
which happens to be a very good approximation to the power
spectrum of the coldestWDMmodel which is consistent with
a sterile neutrino decay interpretation of the 3.5 keV X-ray
line recently discovered in galaxies and clusters (Bulbul et al.
2014; Boyarsky et al. 2014)2. Since the free-streaming cutoff
wavelength in the linear power spectrum of WDM density
fluctuations scales inversely with the mass of the particle,
ruling out this model by detecting subhaloes of mass below

2 This model is also consistent with current constraints on the
number of small-mass haloes at high redshift derived from the
Lyman-α forest (Viel et al. 2013).
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Sensitivity function 
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Forecast for Hubble-like 
imaging survey

• Assuming M200=1e13 Msun 

• Nlens=1000, using SLAC 
sensitivity maps 

• 19 subhaloes detected 

• Almost no constraints on the 
lower limit of m_c 

Li et al in preparation 



Mlow vs. Nlens

• Black: N=1000, SLAC like 
survey. Detected subhalo=19 

• Red N=100 (TMT like), 
Mlow=0.1xMlow_SLAC, 
Detected subhalo=12 

• Dashed vertical line: m_c of 
COCO-WARM

Li et al in preparation 



Subhalo mass determination



Summary
• Subhaloes detected from Einstein ring systems 

provides a promising way to distinguish WDM and 
CDM model.  

• Decreasing M_low is much more important than 
increase Nlens 

• Euclid can find ~10^5 lenses. For TMT: 100 lenses with 
M_low=10e7 Msun, can easily rule out 3.3keV WDM. 

• We need more tests on mass determination.


